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1. INTRODUCTION AND PRELIMINARY RESULTS 
The concept of a maximal n-arc in a 2-design is a generalization of that 
in a finite projective plane. Denniston has shown the existence of maximal 
arcs in the finite Desarguesian planes of even order [3]. In [7] Morgan 
has studied arcs and structures induced from arcs in 2-designs. It turns out 
that the existence of a maximal arc in a 2-design implies the existence of 
another 2-design. Therefore it would be worth investigating maximal arcs 
in 2-designs. The purpose of this paper is to construct new infinite families 
of 2-designs, which are given in Theorems 2.2 and 3.2, by studying maximal 
arcs of two infinite families of symmetric designs. The first family is due to 
Wallis [lo] and the second to Rajkundlia and Mitchell [S, 61. The 
Wallis’s construction is based on aftine designs and the Rajkundlia- 
Mitchell’s construction on affine planes. This fact, together with the already 
mentioned result of Denniston, gives us a way of proving the existence of 
maximal arcs in those families of symmetric designs, when the underlying 
affine designs or aftine planes are the classical affine planes of even order. 
We first present some basic results concerning maximal arcs in a 
2-design. 
DEFINITION 1.1 Let 9 be a 2 - (u, b, r, k, 2) design. An (v, n)-arc d of 
9 is a subset of v points of 9 such that for any block B of 9 we have 
IBndl dn. 
The following lemma gives an upper bound for v. 
LEMMA 1.2. Zf d is an (v, n)-arc in a 2 - (v, b, Y, k, A) design, then 
v < 1 + r(n - 1)/n. Equality holds if and only if any block meets d in 0 
or n points. 
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ProoJ Fix a point p E d and count flags (q, B), where p E B, p #q and 
q E &‘, in two ways. For a given point q there are II such blocks B, while 
a given B determines at most (n - 1) such points q. But there are r blocks 
onp, thus we have (v-l)A<r(n-1) or v<l+r(n-1)/1. 
If v = 1 + r(n - 1)/n, then (C n &‘r$l = 0 or n for any block C. For on 
one hand there are (v - 1) 1 flags (q, B) and on the other hand 
(v-l)A=r(n-1) shows that (Bn&l=n. Hence (Cn~Zl=0 or n. If 
I C n s&‘l = 0 or n for every block C, then the counting above gives v = 1 + 
r(n - 1)/n. 1 
DEFINITION 1.3. A maximal (v, n)-arc d in a 2 - (u, b, r, k, 1) design is 
a (v, n)-arc with v = 1 + r(n - 1)/n. We simply call J$’ a maximal n-arc, 
LEMMA 1.4. If there is a maximal n-arc d in a 2 - (v, 6, r, k, A) design 
9, then there is a maximal m-arc in its dual a*, where m = (r - 1,)/n. 
Proof: First note that 9* is in general not a 2-design unless 9 is a sym- 
metric design. But we can define a maximal n-arc in 9* to be a set of 
points d* such that each block of 9* meets &* in 0 or n points. Now let 
d be a maximal n-arc in 9. For each point p E 9 with p 6 SZZ let s1 be the 
number of blocks B of 9 containing p which do not meet & and s2 the 
number of blocks containing p which do meet &. Since there are n points 
of d on each of these s2 blocks and each of v points of d appears with p 
in A blocks, so we have ns2 = vl or s2 = vlln= r- (r--l)/n. Since 
s1 +s2=r, so si = (r-1)/n. Let &* be the set of blocks B in 9 with 
[Bn dl = 0 (i.e., d* is a point set in 9*). As each point pE9 with p$& 
is on s1 blocks of xP, so in 9* each of the corresponding blocks contains 
s1 points of d*. The remaining blocks in 9* do not meet d*. 1 
The following lemma is obvious. 
LEMMA 1.5. Let d be a maximal n-arc in a 2 - (v, b, r, k, A) design 9. 
Then the points of ~2 and the set of all intersections of the blocks of $3 with 
d form a 2-design with parameters 
r(r-mm) 
-, r, n, J. I 
, 
where m = (r - 2)/n. 
Now we record a result related to maximal arcs in a residulal design and 
in the corresponding symmetric design. A residual design in a 2 - (v, k, A) 
symmetric design is obtained by deleting one block of the symmetric design 
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and all points in this block. Then a residual design has parameters 
2 - (v-k, v - 1, k, k - /1, 2). 
LEMMA 1.6. A maximal n-arc in a residual design is a maximal n-arc in 
the corresponding symmetric design. Conversely, if there is a maximal n-arc 
in a symmetric block design and B is a block which does not meet the arc, 
then the arc is also a maximal n-arc in the residual design formed by deleting 
B and all its points. 
The following result about the existence of maximal arcs in the classical 
projective planes is due to Denniston [3]. 
THEOREM 1.7. There exists a maximal 2”-arc in the Desarguesian plane 
of order 2” for m < n. 
2. MAXIMAL ARCS IN THE WALLIS DESIGNS 
Wallis [lo] constructed a class of symmetric designs from affine designs 
by using strongly regular graphs. He proved precisely 
THEOREM 2.1. Suppose there is an affine design d with parameters 
2 - (v, b, r, k, 1). Then there is a 2 - (v*, k*, A*) symmetric design 9 with 
v*=(r+l)v, k* = kr, and ,I.* = kd. 
We do not give the involved proof for this theorem from the original 
paper of Wallis, we only sketch here a construction of these designs given 
by Jungnickel and Lenz [4]. 
Let d be an affine design with v points pl, pz, . . . . pu. Let rr,, 7c2, . . . . rcn, be 
r parallel classes of d. To each parallel class rc,, we associate a matrix 
Mh = (mt) 
by the rule 
mt. = 
1 if pi and p, lie on some block in rrh; 
0 otherwise. 
We observe that 
M,=MhT 
MhM;= kM, 
M&i-=/J, for g#h. 
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Now form the (r+l)ux(r+l)u matrix 
0 M, M, ... 
M, M2 M3 ... 
L is then the incidence matrix of the desired symmetric design 9. 
From this construction we see that each block of 9 is, essentially, a 
union of r blocks from (r + 1) copies &, , -(i42, . . . . G$+ 1 of d, in such a way 
that each block of 4, (i = 1,2, . . . . r + 1 ), appears at most one time in a 
block of 9. 
Now let & be the Desarguesian affine plane of order 2”. Then the 
parameters of Wallis design 9 are 
2 - (22n(2n + 2) 2,(2, + l), 2”). 
Let &r be one of (r + 1) copies of d. By Lemma 1.6 and Theorem 1.7 there 
exists a maximal 2m-arc A$’ in JX!~ for 1 <m < n. Since each block of 9 is 
a union of r blocks from (r + 1) distinct copies of JzI~, zz12, .. . . XI,+ 1, it 
follows that each block of 9 intersects A in 0 or 2” points. Hence A’ is 
a maximal 2m-arc of 9. By Lemma 1.4 there is a maximal s-arc in the dual 
B* of 9, where 
r-2. 2”(2”+ l)-2”=22+m 
s=2”= 2” 
Thus we have shown that there are maximal 2m-arcs in 9 and hence 
maximal 22”-m-arcs in its dual g*. By using Lemma 1.5 for g* we obtain 
the following 
THEOREM 2.2. There exists a 2 - (u, b, r, k, A) design with 
~=2”(pp”+2”-“-1), 
b=2”(2”+ 1)(22”--+22n-m- l), 
r=2”(2”+ l), 
k=22”-m 9 
il = 2”, 
for every 1 <m < n. 
EXAMPLES. We give some examples of designs from Theorem 2.2. for 
small values n and m. For n = 2, m = 1 we have a 2 - (36,90,20,8,4) 
582a/57/2-10 
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design which is marked as unknown in the tables of parameters of BIBDs 
with r641 of Mathon and Rosa [S]. If n = 3, m = 1 and (resp. n = 3, 
m=2), we have a 2-(280,630,72,32,8) (resp. 2-(136,612,72, 16,8)) 
design. 
3. MAXIMAL ARCS IN THE MITCHELL-RAJKUNDLIA DESIGNS 
Mitchell [6] and Rajkundlia [S] constructed independently a class of 
symmetric designs which are given in the following 
THEOREM 3.1. If there exists an affine plane of order q - 1, and q > 2 is 
a prime power, then for every h 2 2, there exists a 2 - (qh+’ -q + 1, 
qh, qh- ’ ) symmetric design. 
We prefer to use the construction of Mitchell for describing this series, 
see also [2]. In fact he constructed a quasi-residual design W with 
parameters 2 - ((q - l)(qh - l), qh-‘(q - l), qh-‘) with three intersection 
numbers: 0, qh-‘(q- l), q h ’ It turns out that %? is embedded in a - . 
2- (qhf’ - q + 1, qh, qh - ’ ) symmetric design. 
We sketch this construction here. 
Let d be an affine plane of order (q - 1) and let 71,) rc2, . . . . rrq be q 
parallel classes of d. Let 4 be an (q - I)* x (q - 1) incidence matrix of the 
l-design whose points are points of d and whose blocks are the blocks of 
rci. Let dg(h, q) be the h-dimensional affine geometry over GF(q). Choose 
a point P of d%J(h, q) and define an incidence structure Y as follows: 
points of Y are points of d%(h, q)\P; blocks of Y are blocks of d9(h, q) 
which do not contain P. Then Y is a 1 - (qh- 1, qh-‘, qhel) design, 
admitting a strong tactical division T(Y) with n point and block classes 
(n = (qh - 1 )/(q - 1)) of (q - 1) points and blocks each. Y has connection 
and intersection numbers A;, p;, where p’ = A’ = pji = & = 0 (1 < i < n) and 
pb=;lb=qh-* (l<i,j<n,i#j). 
Let B = [I, 0 A,Z,@ A2 . ..Z.,Q A,], where Z, is the n x n identity matrix 
and 0 denotes Kronecker multiplication. Thus B is a (q - l)(qh - 1) x 
q(qh - 1) matrix. 
Let rri, . . . . o,, be the npoint classes of Y ((o,J=q-1, 16i~n). We 
arrange the points of Y so that the first (q - 1) points of Y are points of 
or, the next (q- 1) points are points of c2, and so on; and let S be the 
incidence matrix of Y associated with this point division. 
Define C = Z, 0 S. Thus C is an q(qh - 1) x q(qh - 1) matrix. 
Finally define R = BC. Then R is the incidence matrix of a quasi-residual 
design a with parameters 
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Moreover W admits a strong tactical decomposition T(W) with n point 
classes Pi, Pz, . . . . Pn each of (q - 1)’ points, and c block class W,, S$, . . . . %YC 
@=dqh- 1)/(4- 1)) each of (q - 1) blocks. Note that the point classes 
correspond to the n copies of d. The intersection numbers are p = p,, = 0 
(1 < i < c) and pO, where 
pij=4 h-2w 11, ifj(modn), (1 <i,j<c) 
and 
pii=qh-‘, i=j(modn), (1 <i,j<c, i#j). 
It is shown that W is embedded in a 2 - (qh + ’ - q + 1, qh, qh- ‘) symmetric 
design 9. 
Observing this construction we see that each block of W is, essentially, 
a union of qh- ’ blocks of the n = (qh - 1 )/(q - 1) copies of d whose points 
corrrespond to the 12 point classes $, S$;, . . . . S$ of 9’. 
Let 3 be any point class and aj be any block class of W. Let /I0 be the 
number of points of 3 on a block of .SYj and yii the number of blocks of Bj 
through a point of q. Let mj= Igj/ and ii= Igl. From the properties of a 
tactical decomposition we then have 
Wljfiij= liyq forall i,j, ldi<:, ldj<c. 
Here we have 
Hence B, = (q - 1) yij = 0 or (q - 1). This implies that each block of the n 
isomorphic copies of d appears at most one time in a block of 9. 
We now consider the case q - 1 = 2” (i.e., q is a Fermat prime or q = 9). 
Let d be the Desarguesian afine plane of order 2” and let -011 be a copy 
of d from the above construction. By Lemma 1.6 and Theorem 1.7 there 
is a maximal 2m-arc A! in J$, where 1 < 2”’ < 2”. The fact that each block 
of %’ contains at most one block of sJ~ shows that A! is a maximal 2*-arc 
of &? and hence of CS by Lemma 1.6. The parameters of G3 are 
2-((2”+ l)h+l -2”, (2”+ l)h, (2”+ l)h-1). 
By Lemma 1.4 there is a maximal s-arc in the dual z3* of 9, where 
s=(2”+l)h-(2”+l)h-‘=(2”+l)h-12”-m 
2” 
Thus we have shown that there is a maximal 2m-arc in 9 and hence a 
maximal (2” + l)h-’ 2”- m-arc in its dual CS*. 
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Applying Lemma 1.5 we have the following 
THEOREM 3.2. There is a 2-design with parameters 
v=(2”+ 1)9--y, 
/j=(2”+ l)h+l-2”+m-y’, 
r = (2” + 1 )h, 
whenever (2” + 1) is a prime power, h B 2 and 1~ m d n. 
EXAMPLES. For (h = 2, n = 2, m = 1) or (h = 3, n = 2, m = I), 
Theorem 3.2 gives a 2 - (46, 115,25, 10, 5) and 2 - (246,615, 125,50,25) 
design. For (h = 2, n = 3, m = 1) or (h = 2, n = 3, m = 2) we obtain a 
2- (316, 711, 81, 36, 9) and 2- (154, 693, 81, 18, 9) design. We should 
remark that a design with parameters 2 - (46, 115,25, 10, 5) is indicated as 
unknown in [S]. 
Concluding Remarks. (a) To obtain designs with parameters given in 
Theorems 2.2 and 3.2 we do not need to take d as the Desarguesian affine 
plane. In fact we only require the existence of a maximal arc in d. Hence 
we could replace the Desarguesian affine plane by an arbitrary affine plane 
having a maximal arc. For more information above projective planes with 
maximal arcs see [9]. 
(b) Assmus and van Lint [l] introduced the notion of “oval” in a 
symmetric design and also gave examples of ovals for some symmetric 
designs which are not projective planes. If Co is an oval (i.e., a maximal 
2-arc) of d in the construction above, then the corresponding maximal 
2-arc in the Wallis or Mitchell-Rajkundlia symmetric designs is actually an 
oval in the sense of Assmus and van Lint. These are the first examples of 
ovals known for infinite families of symmetric designs, which are not 
projective planes or complements of Hadamard designs. 
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